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Abstract: This paper addresses the resolution of X\mathcal{X}X-dimensional Y\mathcal{Y}Y-singularity,
focusing on the exceptional locus E\mathcal{E}E, where E\mathcal{E}E comprises irreducible components
Ei\mathcal{E} iEiisomorphic to Pn\mathbb{P}"nPn. These components are examined as invertible sheaves. The
study investigates the conditions under which these sheaves are ample, utilizing Kleiman's Criterion (Kleiman,
1966) as a foundational tool. By applying this criterion, we determine the necessary and sufficient conditions for
ampleness, offering insights into the geometric properties of the exceptional locus and contributing to the broader
understanding of Y\mathcal{Y } Y-singularities and their resolutions.
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INTRODUCTION

In the affine space A (xy, -1'5:', over an algebraically closed field & with arbitrary characteristic, the
4dimennsinal <--Singularity is given by the equation:
fo=al ™ by b, ve By = spec(Kley /()
A, has an isolated singular point in the origin Hartshorne (1977). Step by step we find that the irreducible
components of the exceptional locus Ey By By are isomorphic to &. £. or 7,
The irreducible components of the exceptional locus Remark
We assume the ring 4 = & [xy, . 2,1/,
Where;

_{ X+ x,agt ot x,_x fr=1lmod2and nzr

XX, T XX, Tt X, X, fr=0mod2 and nzr
A X=zspecd

Let X be the spectrum of () and
@ = proj A (projective spectrum), that is, x = <ce) is the affine cone over .
Lemma

With the above notations:
Ifr=3,thencl X 2 Z/2F, andc!l @ = &

International Journal of Interdisciplinary Research in Statistics, Mathematics and Engineering

! |https://sadijournals.org/index.php/ijirsme



Nikos Alexandros Papadopoulos and Maria Eleni Georgiou (2024)

Where;
cl ¥ — divisor class group of X
cl Q = divisor class group of Q

and the generator of this class is # N ¢ (& is a hyperplane).
(a) Ifr=4thenc x =z, andcl g =z @ =,

(b) Ifr =5, thenc; x — o, and €L 0 = Z

Proof:

(a) The proof can be obtained by the exact sequence:
0—=Z—eclQ@—cdX—0

1— Q. H

Here, @ = proj(K[xy, 25, %3]/ {320, — x3)),

We assume ¥ = v7 (x3,x5) © @Q,
that is a prime divisor and:
x5

Ay g )‘::pn (f\[l—'ﬁ )_0

221 I Xq Xal/

¢ —Y = spec (h’
e

because Lx: x:lisa field.

From the exact sequence
Z—cl @ —cl(@—Y)— O we obtain that the
sequence:

T—clQ—0

1+ ¥

is exact and that means £ — ¢! @ is injective, therefore,

cl@Q =2

The rest of the lemma can be proved by taking a similar sequence.

The scheme R

We define a scheme R and determine some intersection products in the Chowring 4. (R),
LetV = V* (ryys + ¥53) € B (s 1,)

be a projective variety in F=,

Let @ = V7 (yyys +¥30:) S P* (21 32) be the projective closure of the affine cone
C(V)E A™(zy,25, ", 24); where Z; = ¥/ V=
and:

P=(0:0:-:0:1) € P*

be the vertex of this cone i.e. ¢s = C(V) & F*,
then the projection:

m:Q.—{P} =V
Induces an isomorphism:
el V —s el (Q, — {P}) - (1)
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But it is clear that:
e.— P,y = 7 o,

Therefore, 7 induces an isomorphism:
Friel @ — el (Q; —{P}) - (2)
(1)and (2) givecl V = <l Q_.

The generator system of ¢l Q. = A4,(Q.) (Chowring)
can be found through a generator system of ¢! 7. Now
we blow-up Q. in P = (0:---:0:1) € B*, and obtain
the scheme:

= U, Tugu., =0
'_ XU; = XU,

in A% X P3(xy, -, xy, 1yt ot Uy

£

The exceptional locus of this blowing up (F — Q.)is:
K=f"1'p)z=P xPF
The isomorphic types of the components: Alwadi and Dgheim (1988)

(i) By blowing up the A, singularity, in the origin of the , we obtain the exceptional locus
affine space A%(x,,"",x:) and:
E=f"'(P),

Ex2Q=v (yf+ v,ys +y.v;) EP*
In this case £ consists of one component only and:
cl Q = Pic Q 2T (Pic @ = Picard group)
(ii) The exceptional locu$ of theizsingularity consists
of two components £ = £4 — E;, where, £y = R and
E, = P®
We know that 4> = spec(iK [xy, -, x:]1/4%)), and
fo= x5 +aprg +xg ]
(ii) Thes -singularity is given in by
Ay = spec(K[xy,~, x:]/¢{fz)), where;
fa =x] +x.xq +3,%=
In this case E also consists of
E1, and &z, where, £1 = B and 52 = €.
(iv) In the general case,
A, = spec(K[x, . x25]/{F.)), where:
Fo=x + 2,05+ x,x,
If and
If
and
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n+l
Note that, " — [T]
CRITERION KLEIMAN (1966)
Let X be a nonsingular complete scheme and let 41 = A1 (X] be all curves in X, where;
the Chowring Fulton (2008). We assume numerical equivalence). For  an we say if and only if

L € Pic X L50 , B .
L.C=0, ve € A, (X) A,(X) denotes 'L E Pic Rand 1. = 0, th1en-£ = 0g
Pic X/= ("= L= 0y(a,H, +a,H, + bK), where Og
numerical equivalence). For an invertible sheaf rings on R.
L=0= (L.C)=20 c
We define two real vector spaces: '=R (£-€)

N = N1(X) = (PicX/=) @, R
Ny =Ny (X) = (4,(X) /=) @z R
We have a perfect pairing of With whith will be induced by the intersection product:

NYU(X) x Ny(X)—R

(L,C)— (L.C) = deg. (L ® O,)

We define also VE(X) to be a closed convex cone in

Ny (-59’:', which can be induced by irreducible curves. With the above notations, the Kleiman’s criterion take the
following form:

“An invertible sheaf L € Pic ¥ is ample if and only if the mapping:

L:NE(X) —{0} =R

Cvr— L. C ispositive

THE AMPLE SHEAVES ON THE COMPONENTS WHICH ARE ISOMORPHIC TO R
the exceptional locus £ = Ey + -+ + E,:

m:-*

It is known that E, =R
1mod2, thenE, 2R, (i=1,,m— 1) dimensional schemes. On the other hand, we have also:

Q.

n
E m

lle I

PicR=Z.H ®Z.H,®Z.K
n=0mod2,thenE. =R, (i=1,,m—1)

(Hy,H,, and K
E =F° (2003))
Lemma
Pic R = PicR/=
Proof:
curve in . In particular this holds for the following curves:
C=Chp G Ol =rH, Cp.=kH, 0,=H H)

In Ax(R) (the intersections in the Chowring), we have:
(L.Cgy) =a,—b =0

[:L-CH:) =a4 — b=20

(L.Cyy) =b=10

Therefore, @1 = @y = b = 0thus, L = O,
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Proposition
NE(R) =R.Cgy + Ry Ciy + R.Cyy

where Cz1: Cxa2: Cy2
are as in the last lemma.
Proof:
N1(R) is a 3-dimensional real vector space,
and Cx1s Cx2, C12 € Ny(R). If Cgy, Cyes, Cy
are linearly independent, then:
N, (R)=R.Cpy + R.Cpr + R.C,,
But if:
€ = ayCpy + AsCps + bCys =0,
Then:
0= (Hy.C)=a,=0
0= (H,.C)=a, =0
0-(KC)--yy—u+b-0=2b-0=u,—u,-b-0
That is, N1(R) = RCyxy + RCx, + R'_fi:.
NowV Efs%he closed cone in , N,(R)
which induced by irreducible curves, that is,

NE(R) = {Tr.cmod =:r, =0 andallr, = 0 except of finite number of 1.}
We note that c is irreducible over #. We show at this
stage: NE(R) =Ry Cyy + R, Cpy + R.Cyy)

we first have to show:
NE(R) CR.Cpy + R.Cyy + R.Cys e,

we have to show if:

¥r..c € NE(R),

Then:

2h.cE R Cpy T RiCpy ~R.Cy5

Therefore, we have to show if ¢ € R is an irreducible curve, then:
CER.Cpy + R.Cprn + R.Cyy,

Therefore, it is sufficient to show if:

C = a,Cqy + ayCyy +5Cy; (@y,a,,b ER).
then @1, @2, b = O_For this goal we have the following cases:
C&Hy, C%H, C%Kbuytin this case:

(C.H)=a,=0
(C.Hy) =a; =0 and

If € = Ci;y (this corresponds
€S Cgr €= 1.Cgy = 0.Cp0) clear.

I < Cgeorresponds )¢ = C1z
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IfC S Cyyand € S Cpthatis, (€.Cyy) = 0 and
(C.Cy;) = Obuton Hy we have
Ciy=—1,C4y.Cn=1land CL =0
Alexiou and Alwadi (2003), therefore:

(Clx) =—a+f =0
af z20= { (C.C,)=az=0
€ = Hy (symmetric to(2)).
CSK, K=PF'xP -
Lazarsfeld (2005)

C=a;.Cp +8,.Cppin P'XPF)=Z.Cpy BZ.Copy

IfC S Cyy (C=1.Chy +0.Cxs),

IfC S Cyrand € S Cyrie. (C.Cuy) = 0 and

(C.Cxy) Z0buton Cgy.Cp = 1,Cigy = Cip = 0

(C.Cxy) =B =0, (C.Cxa) =ay =0

Finally, we deduce the following:

Theorem

L= 0y(a,H, +a,H, + bK) isample overR & ay - b,a,—b,b > 0

Proof:

(=)

Let 7. be ample, then by the Kleiman’s criterion we have:

(L.Cwy) 0, (LCpl»0,  and(L.Cy) >0,

But:

LCyy=LKH =a,—b=>0

LCy,=LKH,=a,—b>0

LCy,=LH.H,=b>0

(=)

Can be obtained from the above proposition.

DISCUSSION AND CONCLUSION

This paper put conditions for ampleness on the irreducible components of the canonical resolution of the simple
4-dimensional singularity 4,. It will be fruitful to be done as a similar study in higher dimensions, because for
3-dimensional it was done Roczen (1984), also it will be fruitful to be done as a similar study for another simple
singularities (D, , E,). Our studies enable us to study the so called "negative embedded" of the exceptional
locus.

The conditions that we found are important cohomological properties of the irreducible components of the
canonical resolution of the exceptional locus.
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